Abstract. The problem of a piezoelectric screw dislocation, line force and line charge around a permeable crack in a finite piezoelectric cylinder is dealt with in this paper. Utilizing the complex function and conformal mapping methods, the closed form solutions of the stress fields and the electric displacement fields are derived. The stress intensity factor and the image force are discussed in detail. The results show that the stress fields are in direct proportion to the line force, but independent of the line charge. The shielding effect produced by the dislocation increases with the increasing of the radius of the piezoelectric cylinder. Moreover, the unstable equilibrium point and the image force are also severely affected by the radius of the piezoelectric cylinder.
Introduction
Due to intrinsic coupling behaviour, piezoelectric materials are widely used in modern technology such as high power sonar transducers, electromechanical actuator, piezoelectric power supplies and micro-positioner. Hence, piezoelectric composites have become an important branch of modern engi-neering materials with fast development of the intelligent characteristics of piezoelectric composite materials. However, defects are often unavoidable in such materials and affect the performance and reliability of the end products. Thus, in recent years, the study of piezoelectric materials with defects has received considerable interests. Pak [1] studied piezoelectric screw dislocations and derived the energy configuration force, a generalized Peach Koehler formula, acting on the dislocation. Liu et al. [2] derived the solution for a piezoelectric dislocation near an electrically impermeable elliptical cavity. Lee et al. [3] investigated the interaction between a piezoelectric screw dislocation and an electrically impermeable mode III crack of semi-infinite. Xiao et al [4] studied a dislocation emission mechanism for micro-crack initiation at the tip of a semi-infinite rigid line inhomogeneity in a piezoelectric solid. Wang et al [5] investigated a semi-infinite crack penetrating a piezoelectric circular inhomogeneity bonded to an infinite piezoelectric matrix through a linear viscous interface. Mousavi and Paavola [6] analyzed the cracked functionally graded piezoelectric strip. Song and Gao [7] studied the interaction between a screw dislocation, a rigid wedge inhomogeneity and an elastic circular inhomogeneity.
All the references above supposed that the normal component of the electric displacement could be treated as zero at the upper and lower crack faces. Jackson [8] proposed that the electric boundary conditions along an interface should be the continuity of the normal component of the electric displacement and the continuity of the tangent component of the electric field strength. Using such boundary conditions, Chen et al [9] discussed the difference of the mechanical and electrical fields produced by a line force, a line charge and a line screw dislocation under electrically impermeable and permeable boundary. Zhang [10] [11] studied the crack width effect for piezoelectric materials, showing that the crack width has great influence on the crack growth because of the existence of electric field inside the crack. Kuna [12] discussed in detail the fracture mechanics of piezoelectric materials. Gross et al. [13] [14] and Rangelov et al. [15] studied the crack problems in piezoelectric solids by boundary integral equation method.
However, the interaction of a piezoelectric screw dislocation with a permeable crack in a finite piezoelectric cylinder has not been studied, due to the complexity of the calculation. In the present paper, the problem of a piezoelectric screw dislocation, line force and line charge around a permeable crack in a finite piezoelectric cylinder is dealt with. The closed form solutions of the stress fields and the electric displacement fields are derived, utilizing the complex function and conformal mapping methods. The stress intensity factor and the image force are discussed in detail.
Problem statement and general treatment
Consider a transversely isotropic material belonging to the hexagonal crystal class 6 mm, the x 1 − x 2 plane is the isotropic basal plane, and the poling direction parallel to the x 3 -axis. In contracted notation, the governing equations for the anti-plane strain problem (only out-of-plane displacements and in-plane electric fields) can be expressed as:
where ∇ 2 is the two-dimensional Laplacian operator, u 3 is the displacement in the x 3 direction and φ is the static electrical potential. c 44 , e 15 and ε 11 are the elastic moduli, piezoelectric constant and the dielectric constant, respectively. The governing field equations are given by: Let u 3 and φ be the imaginary parts of the analytic complex functions:
from Eq. (7), the constitutive equations can be represented as:
and the electric field E, and the anti-plane shear strains γ, can be written as:
Consider a finite piezoelectric cylinder containing a crack, the tip of the crack is at the center of the cylinder, a screw dislocation (b z , b φ ), line force P and line charge Q are located at z 0 , as shown in Fig. 1a .
For the current problem, the boundary conditions at the piezoelectric cylinder surface can be summarized as:
where the subscript ⊥ means perpendicular to the surface.
And the boundary conditions along the surface of the permeable crack have the form:
where the subscript means parallel to the surface. Boundary conditions (11)- (12), can be written as:
Re[e 15 ϕ
The following transform function
which can map the half-plane with a half-circular inclusion (with radius R ′ = R 1/2 ) in the w-plane on to a cylinder (with radius R) with a crack in the z-plane (Fig. 1) . Consequently, the boundary conditions of eqs (13) (14) may be represented as: 
Eqs. (16) (17) can be further simplified to:
A piezoelectric cylinder piezoelectric screw dislocation
The two complex potentials in the w plane can be expressed in the forms:
where φ ′ 10 (w) and φ ′ 20 (w) are holomorphic in the region Re[w] ≥ 0 and |w| ≤ R ′ . In order to satisfy boundary condition (19-2), an image dislocation b φ is put at −w 0 , so φ ′ 2 (w) can be expressed as:
Similarly 
Luckily, solutions (22-23) also satisfy boundary condition (19-3). However, they dissatisfy boundary conditions (18-1) and (18-2).
The boundary conditions (18-1) and (18-2) are just the same as the problem of a screw dislocation inside a finite piezoelectric cylinder, which have been solved by Meguid and Deng [16] .
Eq. (24) can be seen as a screw dislocation with Burgers vector B located at w 0 and an image dislocation with Burgers vector −B located at w * . Therefore, all the boundary conditions will be satisfied, if we make each dislocation in Eqs. (22-23) to have an image once again.
Accordingly, the final solutions are:
With the aid of the mapping function (15), the stress field at z due to a screw dislocation z 0 near a crack, can be obtained as: The stress field and the electric displacement field at z, can be obtained as:
,
Eq. (31) shows that the stress field is in direct proportion to the line forceP , but independent of the line charge Q.
Impermeable crack solutions
Again, we ignore the intermediate steps, the two analytic functions of the impermeable crack are:
The stress field and electric displacement field at z can be obtained as:
Field intensity factors
The field intensity factors (FIFs) at the right tip of the crack can be obtained by:
Substituting Eqs. (27-28) and (31-32) into Eq. (37), yields:
Similarly, the FIFs at the right tip of the impermeable crack, are:
Eqs. (38) and (42) show that the stress intensity factors of the two cases are identical and in direct proportion to the P and C 44 b z + e 15 b φ . K γ of the impermeable crack is in direct proportion to b z , but independent of b φ . K E of the impermeable crack is in direct proportion to b φ , but independent of b z . K γ of the permeable crack is in direct proportion to
. K E of the permeable crack is zero. It is worth to point out, that there exists a "limited permeable crack" in the literature. The boundary conditions of the limited permeable crack are relatively complicated, so it is very difficult to obtain analytical solutions. But, we know that the solution of the limited permeable crack generally lies between the solution of the permeable crack and the solution of the impermeable crack, and the limited permeable crack can reduce to permeable crack or impermeable crack, under certain situations.
Assuming that the piezoelectric ceramic is PZT-5H, and its electroelastic properties are:
Eq. (28) shows that the stress intensity factor and electric displacement factor produced by the dislocation is in direct proportion to
, the dislocation produce no stress intensity factor at all. And the stress intensity factor and the electric displacement factor are independent of the line charge Q. The stresses intensity factor (SIF) produced by the line force for different values of R, as a function of θ, is shown in Fig. 2 . It is seen that when −π < θ < 0, the stresses intensity factor produced by the line force is negative. While the stresses intensity factor, produced by the line force is positive, if 0 < θ < π. The absolute value of the stresses intensity factor decreases with the value of R increasing. Which means, a smaller piezoelectric cylinder is more likely to fracture.
The curves for variations of SIF produced by the dislocation with respect to θ with different values of R, are shown in Fig. 3 . It is found, that the SIF produced by the dislocation is negative (shielding effect). The shielding effect increases with increasing of R. Which means, the dislocation produces less shielding effect in smaller piezoelectric cylinders.
The normalized stresses intensity factor (SIF) as a function of R, is shown in Fig. 4 . It is seen, that the dislocation in piezoelectric cylinder produces stronger shielding effect. And the stresses intensity factor, produced by the line force, is independent of the material parameters of the piezoelectric cylinder.
The displacement intensity factor K D , as a function of b φ , is shown in Fig. 5 . It is seen that K D of permeable crack decreases with increasing of b φ . But K D of impermeable crack increases with increasing of b φ . (46)
The image force acting on the screw dislocation can be written as:
whereσ 13 (z 0 ) andσ 23 (z 0 ) are the components of the perturbation stress, and
are the components of the perturbation electric displacement.
For the case of P = Q = 0, the image force of a dislocation near a The curves for variations of normalized image force F x /C 44 b 2 z , with respect to the distance between the dislocation and the crack tip d, are shown in Fig. 7 . It is found, that the value of F x /C 44 b 2 z is negative at first, and become positive with the value of d increasing. Therefore, there is an unstable equilibrium point in the x-axis. The free surface attracts the dislocation. And the dislocation inside the piezoelectric cylinder suffers stronger attraction.
The normalized image force F x /C 44 b 2 z , as a function of d, is shown in Fig. 8 . It is seen, that the dislocation near an impermeable crack suffers stronger attraction. And the normalized image forces of the two cases tend to be identical, when the dislocation is away from the crack.
Conclusions
The problem of a piezoelectric screw dislocation, line force and line charge around a permeable crack in a finite piezoelectric cylinder is dealt with in this paper. The closed form solutions of the stress fields and the electric displacement fields are derived, utilizing the complex function and conformal mapping methods. The stress intensity factor and the image force are discussed in detail. In summary, the following conclusions can be obtained:
(1) The stress field is in direct proportion to the line force P , but independent of the line charge Q.
(2) The absolute value of the stresses intensity factor produced by the line force decreases with the value of R increasing. While the shielding effect produced by the dislocation increases with the increasing of R. Which means, a smaller piezoelectric cylinder is more likely to fracture.
(3) The dislocation in piezoelectric cylinder produces stronger shielding effect. And the stresses intensity factor produced by the line force is independent of the material parameters of the piezoelectric cylinder.
(4) There is an unstable equilibrium point in the x-axis. The free surface attracts the dislocation. And compared with the elastic material situation, the dislocation inside the piezoelectric cylinder suffers stronger attraction.
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